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Abstract. In this paper, we established some new inequalities via s— convex 
and s— concave functions. 



1. INTRODUCTION 

The following inequality is well known in the literature as Simpson's inequality: 
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where the mapping / : [a, b] — > R is assumed to be four times continuously differ- 
cntiable on the interval and to be bounded on (a, b), that is, 
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For some results which generalize, improve and extend the inequality (jl.ip . see 
the papers [9]-[l3]. 

In [3], Hudzik and Maligranda considered among others the class of functions 
which are s— convex in the second sense. This class is defined in the following way: 
A function / : M. + —> K, where M + = [0, oo), is said to be s-convex in the second 
sense if 

f(ax + 0y) <a s f{x)+l5 s f{y) 

for all x,y € [0, oo), a, (3 > with a + j3 = 1 and for some fixed s 6 (0, 1]. This 
class of s— convex functions in the second sense is usually denoted by . 

It can be easily seen that for s = 1, s— convexity reduces to ordinary convexity 
of functions defined on [0,1). 

Some interesting and important inequalities for s— convex functions can be found 

»> m m 

In [1] , Dragomir and Fitzpatrick proved a variant of Hadamard's inequality which 
holds for s-convex functions in the second sense. 



Key words and phrases. Simpson inequality, s— convex function, s— concave function, Holder 
inequality, Power-mean inequality. 
* corresponding author . 



1 



2 



M.E. OZDEMIR* , MERVE AVCI**, AND HAVVA KAVURMACI* 



Theorem 1. Suppose that f : [0, oo) — > [0,oo) is an s— convex function in the 
second sense, where s E (0, 1] and let a,b E [0,oo), a < b. If f E L [a,b], then the 
following inequalities hold: 



(1.2) 



■ 1 2 J ~ b- 



b f(x)dx <m±m. 

s + 1 



The constant k = j^-j- is the best possible in the second inequality in il.2)) . The 
above inequalities are sharp. 

In [2], Barani et. al obtained the following results. 

Theorem 2. Let f : I — > R be a function such that f" be absolutely continuous 
on 1° . Assume that a, b E 1° , with a < b and f" E L[a, b]. If \ f" \ is a P—convex 
function on [a, b] then, the following inequality holds: 
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Corollary 1. Let f as in Theorem^ If f" (^) = 0, then we have 
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{ir wi + ir (6)i>. 



The main purpose of this paper is to establish some new inequalities for functions 
whose third derivatives in the absolute value are s— convex and s— concave. 



2. INEQUALITIES FOR S-CONVEX FUNCTIONS IN THE SECOND SENSE 

To prove our new results we need the following lemma (see [T]). 

Lemma 1. Let / : J — > M be a function such that f" be absolutely continuous on 
1° , the interior of I. Assume that a,b E 1° , with a < b and f" E L[a, b]. Then, the 
following equality holds: 



f(x)dx - 
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a + b 
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(b - a) 4 / p{t)f'"(ta + (1 - t)b)dt, 



where 
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Theorem 3. Let f : I C [0, oo) 



be a differentiate function on 1° such that 



f" E L[a, b], where a, b E 1° with a < b. If \f' 



is s— convex in 



the second 
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on [a, b] and for some fixed s G (0, 1], then 

b — a 



f{x)dx 
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(l + s)(2 + s)(3 + s)(4 + s) 



x[|/"' («)| + |/"' (6)|]. 
Proof. From Lemma Q] and s— convexity of /"' |, we have 
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x[ir wi + ir 

where we use the fact that 

i 
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2+s 



_ 1\_ 2- 4 - ;i 
<_ 2/ ~ (3 + s)(4 + s) 



and 
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□ 



Remark 1. With all the assumptions of Theorem^ if we choose s = 1, we have 
the inequality in 

Theorem 4. Let f : I C [0, oo) — > R be a differ entiable function on 1° such that 
f" G L[a, b], where a,b G 1° with a < b. If \ f" \ q is s— convex in the second sense 
on [a, b] and for some fixed s G (0, 1] and q > 1 with j- + A = 1 ; then the following 
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inequality holds: 



f(x)dx - 
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Proof. From Lemma[TJ using the s— convexity of \ f" \ q and the well-known Holder's 
inequality we have 
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and r is the Gamma function. 



□ 
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Corollary 2. If we choose s = 1 in Theorem^ we have 
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Theorem 5. Suppose that all the assumptions of Theorem^ are satisfied. Then 
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Proof. From Lemma Q] and using the well-known power- mean inequality we have 
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Since |/"' | 9 is s— convex, we have 
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and 



(t-lf[t-^)\f"(ta+(l-t)b)\ q dt 
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Therefore we have 
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which is the required result. 
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Corollary 3. If we choose s = 1 in Theorem^ we have 
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The following result holds for s— concave functions. 



Theorem 6. Let f : I C [0, oo) — > R 6e a differentiable function on 1° such that 
f" G L[a, 6], where a,b £ 7° «ra£/i a < b. If \ f" \ q is s— concave on [a, b] for q > 1 
wif/j - + - = 1, i/iera i/ie following inequality holds: 
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Proof. From Lemma [T] and using the Holder's inequality, we have 

'a + b 



(2.1) 
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Since |/"' \ q is s— concave, using the inequality (11.21) . we have 



(2.2) 

and 

(2.3) 



\f"'{ta+{l-t)b)\ q dt < 2 s 



36 



\f"(ta+(l-t)b)\ q dt<2 
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From (|2TT |) -(|23 |) . we get 



f(x)dx 



b — a 
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which completes the proof. 

3. APPLICATIONS TO SPECIAL MEANS 

We consider the means for nonnegative real numbers a < 6 as follows: 
(1) Arithmetic mean: 



3a + 6 



□ 



A(a,f3) = ""t , a,/3e 



(2) Generalized log-mean 

/3 



s+1 - a^ 1 1 



(s + l)(/3-a) 



G K\ {-1, 0} , a, (3 G R with a ^ /3. 



We give some applications to special means of real numbers by using the results of 
Section 2. 

Proposition 1. Let a, 6 G 1° , a < b and < s < 1. Then, for all q > 1, we have 



L s s (a,b)-±A(a s ,b s )~^A s (a,b) 



< 



(6 - a) 3 fiy 
96" 



s(l-s)(2- s) 
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(*-3)? + | 6 |(s-3)g\ 5 
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Proof. The assertion follows from Corollary [2] applied to the s— convex mapping 
/:[0,l]->-[0,l],/(aO=:c«. □ 

Proposition 2. Let a,b € 1°, a < b and < s < 1. Then, for all q > 1, we have 
L s s (a,b)-^A(a s ,b s )~lA s (a,b) 

(b-af // 3|a| (a ~ 3)g + 7|b| (a ~ 3)g \ ' ( l |a| ( ^ 3)g + 3 |h| (fl ~ 3)g \* \ 

- 1152 s( s '\ y 10 J + \ 10 j j 

Proof. The assertion follows from Corollary [3] applied to the s— convex mapping 
/: [0,1] -►[0,1], f{x)=x s . ' □ 
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